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Abstract
We perform a multiscale analysis of the backscattering properties of a complex interface between water and a layer of randomly
arranged glass beads with diameter D = 1 mm. An acoustical experiment is done to record the wavelet response of the interface in a large
frequency range from k/D = 0.3 to k/D = 15. The wavelet response is a physical analog of the mathematical wavelet transform which
possesses nice properties to detect and characterize abrupt changes in signals. The experimental wavelet response allows to identify ﬁve
frequency domains corresponding to diﬀerent backscattering properties of the complex interface. This puts quantitative limits to the
validity domains of the models used to represent the interface and which are ﬂat elastic, ﬂat visco-elastic, rough random half-space with
multiple scattering, and rough elastic from long to short wavelengths respectively. A physical explanation based on Mie scattering theory
is proposed to explain the origin of the ﬁve frequency domains identiﬁed in the wavelet response.
Ó 2006 Elsevier B.V. All rights reserved.
PACS: 43.60.+d; *43.40.L; 43.58.+z; 45.70.n; 46.40.Cd; 46.65.+g
Keywords: Multiscale; Multiple scattering; Granular medium; Wavelet transform; Coda; Mie scattering

1. Introduction
The concept of interface plays a key role in many imaging methods using back-scattered waves, and most reﬂexion techniques (e.g. seismics) are based on models where
quasi-homogeneous domains are separated by sharp interfaces where the physical properties of the medium change
abruptly [24]. These models are used to reproduce the data
as a superimposition of reﬂected echoes coming from interfaces whose number, position and strength are to be determined. The localisation of the interfaces needs an accurate
large-scale velocity model, also called to macro-model,
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whose inversion is a highly non-linear tomography problem [32,18,6,4,19]. The parameters (i.e. compressional and
shear velocities) of the macro-model are adjusted in order
to ﬁt with the arrival times. More sophisticated macromodels are eventually used to account for the attenuating
visco-elastic properties of the media and the dispersion of
the body waves [29,26]. The complete tomographic image
is obtained by completing the macro-model with a smallscale distribution of impedance contrasts representing
the interfaces producing the recorded echoes. In most
approaches, abrupt impedance contrasts are represented
by step-like functions (i.e. the Heaviside distribution)
whose amplitude is adjusted to ﬁt with the sign and the
magnitude of the echoes [33,34]
Many situations exist where the model described above
is insuﬃcient to correctly account for the reality, and the
sharp and step-like model may be inadequate to represent
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the interfaces in heterogeneous material. Geophysical
examples are volcanoes, the weathered subsurface [9,35],
and the shallow layers of sediments forming the seaﬂoor
[8,3]. Ultrasonic imaging in both medical applications
and non-destructive testing (NdT) are also faced with deﬁciencies of the step-like interface models at transitions
involving small-scale heterogeneous media like bones, fat
and composite material. A way to tackle with these diﬃculties is to use rough-interface models where the transition
surface between homogeneous bodies with diﬀering properties is given a rough topography [36] with possibly a fractal
geometry [31,10]. However, rough-interface modelling
does not generally consider the heterogeneous nature of
the material on both sides of the transition, and further
sophistications of the interface model would be necessary
to properly account for the complex wave phenomena
occurring in the vicinity of the interface. A number of questions then arise: In which wavelength range is the steplike concept still valid to represent the transition between
domains of highly heterogeneous material? At which
wavelengths does the step-like model cease to be valid?
Which kind of more sophisticated models should be used
instead?
In the present study, we present and discuss experimental results designed to provide both qualitative and quantitative data about the modelling of an interface formed by
the transition between water and a dense layer of randomly
arranged glass beads. The choice of glass beads ensures
that multiple scattering is likely to occur as observed in volcanoes and granular seaﬂoor. Both the experiments and the
analysis are based on the wavelet-response method introduced by [20] who showed that the continuous wavelet
transform obtained by convolving a signal with a family
of constant-shape wavelets [14] may be physically extended
to the wavelet response where a family of wavelets are
propagated (i.e. NOT convolved) through the medium to
be analysed. The wavelet response is equivalent to the
wavelet transform of the reﬂectivity distribution when the
ﬁrst Born approximation is valid. Consequently, the interesting properties of the wavelet transform concerning the
characterisation of abrupt changes in signals [22,12,1,2]
are retrieved in the wavelet response which may be used
to remotely analyse the multiscale structure of acoustical
interfaces [37,13,39,38,23].
This paper continues with a brief presentation of the
continuous wavelet transform and its extension to the
wavelet-response method. Then, the experimental setup is
detailed and the experimental wavelet response of the surface of a thick layer of glass bead is presented. In a next
section, the wavelet response is analysed in the framework
of the singularity characterisation toolbox developed for
the continuous wavelet transform [22]. In a last section,
we discuss the wave phenomena relevant in the diﬀerent
wavelength bands identiﬁed in the wavelet response of
the interface. Our physical interpretation is based on the
microscopic Mie scattering occurring in the heterogeneous
medium.

2. Analysing method: the wavelet response
The wavelet response has been introduced in details by
[21], and we only recall the main steps of its derivation
from the classical continuous wavelet transform which consists in convolving a signal with a family of constant-shape
analysing wavelets [1,14]. The wavelet family is obtained by
dilating an analysing wavelet g(t),
1 t
Da gðtÞ  g
;
ð1Þ
a a
where Da represents the dilation operator indexed by the
dilation a > 0 which is inversely proportional to the
frequency. The wavelets obtained for a dilation range
amin 6 a 6 amax have the same shape and constitute a
wavelet family spanning a wide wavelength range welladapted to study multiscale wave phenomena [20,21]. The
analysing wavelet must be a time-localised oscillating function with a band-pass spectrum and, at least, a zero-order
vanishing moment. For instance, the well-known Ricker
source function [17,15] frequently used in seismic modelling
is an acceptable analysing wavelet g.
The wavelet transform is obtained by convolving the
whole wavelet family with the analysed signal, s(t),
W½g; sðb; aÞ  ðDa g  sÞðbÞ;

ð2Þ

where * is the convolution operator and b is a translation
parameter. The main property needed in the present study
is the covariance of the wavelet transform which indicates
that the wavelet transform of a dilated function is the
wavelet transform of the non-dilated function rescaled on
both the a and b axes:


1
b a
W½g; Db sðb; aÞ ¼ W½g; s ; :
ð3Þ
b
b b
When applied to an homogeneous function of degree a 2 R
such that,
sðbxÞ ¼ ba sðxÞ;

ð4Þ

Eq. (3) simpliﬁes into,
W½g; sðbb; baÞ ¼ ba W½g; sðb; aÞ;

ð5Þ

which indicates that the whole wavelet transform of a
homogeneous function can be obtained from the wavelet
transform taken at a given dilation [22]:
 0 1þa
a
Da0 =a W½g; sðb; aÞ;
ð6Þ
W½g; sðb; a0 Þ ¼
a
where the dilation operator is understood to act on the
translation variable b only. The geometrical sense of this
equation is that the wavelet transform of a homogeneous
singularity has the appearance of a cone whose apex points
onto the singularity for a # 0+. Eq. (6) indicates that the
magnitude of the wavelet transform is /aa when sampled
along the cone lines also called the ridge functions (see
[1,2,21] for details). The Heaviside distribution H used to
represent step-like interfaces as discussed above is homoge-
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neous of degree a = 0 [5], and its wavelet transform has a
constant amplitude along the ridge functions.
The wavelet-response R½g; s is obtained by propagating
the wavelet family through the velocity proﬁle s along the
raypath,
R½g; sðb; aÞ  ðDa g  sÞðbÞ;

ð7Þ

where  represents the physical propagation inside the
medium and b is the two-way ﬂight time. Practically, each
line a = constant of R½g; s is the rescaled (i.e. multiplied by
dilation a) time-signal of the back-scattered waves recorded
after the launch of the corresponding member of the wavelet family. Neglecting multiple scattering and assuming a
constant density proﬁle, [21] show that the wavelet response may be rewritten in a form similar to the classical
continuous wavelet transform Eq. (2):


d
R½g; sðb; aÞ ¼ Da g  s½zðtÞ ðbÞ:
ð8Þ
dz
A comparison of Eqs. (2) and (8) indicates that the wavelet
response of the velocity proﬁle s is the wavelet transform of
the ﬁrst spatial derivative of s. Consequently, both W and
R give the same result when applied to s when the wavelets
used in W are the derivatives of those used in R. Several
synthetic and experimental examples may be found in
[21] where similarities and diﬀerences between W and R
are discussed in more details.
An ideal step-like interface is mathematically represented by sH(z) = s0 + DsH(z), where Ds is the velocity
jump at the interface. The synthetic wavelet response of
sH is shown in Fig. 1(a) where the cone-like structure converging toward the interface is conspicuous. The step-like
nature (i.e. a = 0) of the transition may be veriﬁed by
checking that the magnitude of the wavelet response is con-
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stant along the cone lines as shown in Fig. 1(b). The characterisation of the reﬂector structure may then simply be
inferred from the homogeneity degree a obtained from
the ridge functions. This has been assessed from an experimental point of view in an ideal case of planar interfaces
[21] and is now assessed from a more complex situation
of an interface represented by the upper part of a granular
medium.
3. Wavelet response of a layer of glass beads
3.1. Experimental setup and reference wavelet response
The experimental setup is immersed in a large water
tank and consists in a rigid frame with a top plate holding
the source and receiver transducers mounted in the near
normal incidence conﬁguration (Fig. 2). The transducers
beams focus at a common point onto the surface of the target placed on a bottom plate which may be horizontally
translated.
The wavelet response may theoretically be retrieved by
tuned ﬁltering of the acoustical response produced by a ﬂat
spectrum source signal. However, from a practical point of
view, this approach is not as simple as it may appear at ﬁrst
sight. In particular, as seen in the previous section, not only
the spectral bandwidth but also the temporal shape of the
wavelets must be reconstructed, and both band-pass and
shaping ﬁlters must be designed to accomplish this task.
The resulting deconvolution problem may eventually be
numerically unstable, especially at frequencies outside the
nominal band-pass of the transducers. In practise, we
found more eﬃcient to directly design a family of source
signals such that the desired wavelet family is directly
obtained without further post-processing.

Fig. 1. (a) (up) Wavelet response of a homogeneous velocity proﬁle for a Heaviside discontinuity (down). The black dots follow the ridge functions
corresponding to high signal-to-noise ratios. (b) the ridge functions, numbered 1 and 2 respectively, are straight lines in a log–log diagram. The slopes
equal the homogeneity degree a of the velocity proﬁle, i.e. 0 in the present case of a Heaviside discontinuity.
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domly ﬁlling a rolling box beneath the transducers (Fig. 2).
The thickness of the granular medium was taken large
enough (20 cm) to avoid any reﬂection from the bottom
of the box: this was veriﬁed by sending the lowestfrequency wavelet and checking that no reﬂection from
the box bottom occurs. The granular medium was made
of monodisperse glass beads immersed in a ﬂuid matrix,
i.e. the water of the talk. We determined the bead concentration / ’ 0.63 by the volume of water needed to ﬁll
the dry medium pores: the result agrees with the concentration found for close random packing of glass beads
[27,28]. Highest concentration of about 0.74 should be
reached for arranged packings of spherical inclusions
[25]. The glass beads were mixed into the water in order
to suppress air bubbles and the surface of the layer was
slightly smoothed to produce a ﬂat reﬂector at the macroscopic scales while avoiding any ordered arrangement of
the spheres [30].
For each individual wavelet, we stack 1000 individual
reﬂected signals while moving the box to deﬁne the average
wavelet response of the interface. This approach is performed on six quasi-monodisperse glass bead diameters,
respectively: D = 0.6 mm, 1 mm, 2 mm, 3 mm, 4 mm, and
5 mm. We merge and rescale the six average wavelet
responses so obtained to compute the wavelet response
for a unique glass bead diameter D = 1 mm: this equivalent
wavelet response is then composed by 57 wavelets spanning
the frequency range [100 kHz; 5 MHz] (Fig. 4).
4. Analysis of the wavelet response
Fig. 2. The experimental setup is composed of a frame whose top holds
two piezoelectric transducers. The box containing the glass beads is placed
at the bottom of the frame and can be horizontally translated while
stacking the reﬂections from the layer of glass beads in order to record the
average reﬂected ﬁeld.

The ﬁrst stage of the experimental procedure is to calibrate the source–receiver chain by constructing a reference
wavelet response to be compared with the wavelet response
of the layer of glass beads. In the present study, the wavelet
response of a step-like interface at normal incidence is used
as reference [21]. This response is constructed by searching
the source signals to be used such that the wavelet response
recorded for a step-like interface (represented by a ﬂat
block of glass) actually corresponds to the theoretical
response shown in Fig. 1. This is done with a non-linear
inverse technique based on simulated annealing and neural
network (see [7] for technical details), and four pairs of
transducers with central frequencies fc = 250, 500, 750,
and 1000 kHz are used to construct a wavelet family with
30 members for central frequencies 200 kHz 6 fc 6 1 MHz
(Fig. 3).
3.2. Wavelet response of granular media
In this paper, the target interface was the transition
between water and the surface of a layer of glass beads ran-

4.1. Cone-like structure
A ﬁrst glance at Fig. 4 reveals that the wavelet response
of the granular interface dramatically changes throughout
the spanned frequency range. The most conspicuous feature is a twofold behaviour of the wavelet response with
a clear cone-like structure in the low-frequency domain
which suddenly disappears to be replaced by a coda pattern
in the high-frequency range. This ﬁrst analysis shows that
the surface of the granular layer
pﬃﬃﬃis identiﬁed as a localised
interface at wavelengths k P pD. The structure of the
conical pattern is similar to the one obtained for a step-like
interface (Fig. 3) and, in particular, their numbers of
extrema are the same. This last point conﬁrms the step-like
nature of the interface since a change of regularity a would
have modiﬁed the extrema arrangement by changing their
relative amplitude or even changing their number (see
[21] for a detailed discussion of these aspects).
The high-frequency range of the wavelet response has a
totally diﬀerent appearance and the absence of a conical
pattern indicates that the surface of the layer of glass beads
can no more be represented as a localised interface as for
the low frequencies. In this domain, most of the reﬂected
waves are part of the coda component which duration indicates back-scattered waves coming from deep within the
granular medium.
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Fig. 3. (a) The analytical wavelet used for the experiments is the fourth derivative of a Gaussian: d 4 ðet Þ=dt4 . (b) Modulus of the experimental reference
wavelet response obtained by propagating the source signals through water. The time-dilation a ¼ fc1 where fc is the main frequency of the wavelets which
are dilated versions of the fourth derivative of a Gaussian. This reference wavelet response corresponds to the reﬂection onto a ﬂat interface with a
Heaviside-like discontinuity.

Fig. 4. Modulus of the composite experimental wavelet response rescaled for glass beads with D = 1 mm (see text for details). The black dots represent the
lines of maxima associated with the ridge functions numbered in Fig. 5(b). The asymmetry of the conical pattern in the wavelet response (compare with
Fig. 1) is due to the chosen arbitrary relative temporal arrangement of the channels forming the wavelet response.

4.2. Coherent frequency bands
The analysis can be made more quantitative by examining the variation of the magnitude of the wavelet response
along the ridge functions. For this purpose, we have plotted the ﬁrst 5 ridge functions belonging to the cone in the
low-frequency domain. The corresponding ridge paths are
numbered and represented by black dots in Fig. 4, and
the ridge functions are shown in Fig. 5(b) where the amplitude of the wavelet extrema are plotted as a function of

r = k/D in a log–log diagram. The average ridge function
is also shown in the same ﬁgure as a solid curve.
As can be observed in Fig. 5(b), the ridge functions are
clearly segmented and ﬁve domains labelled from I to V
can be recognised. The limits between these domains
roughly fall at k/D = 2p, p, p/2 and 2/p. Excepted for
domain III where the ridge functions display a pronounced
minimum, the remaining four domains correspond to frequency bands where the ridge functions are linear segments. Domain I corresponds to a linear and horizontal
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tered with a low-energy level. It is interesting to note that
this intermediate domain corresponds
pﬃﬃﬃ to the disappearance
of the main cone around k=D ’ p. The characteristics of
these ﬁve domains are now discussed in more details.
4.3. Long (relative) wavelength domains I and II

Fig. 5. (a) Modulus of the composite experimental wavelet response (see
Fig. 4 for details) represented in a log-linear diagram. The black dots mark
the limit between the ballistic and coda components of the reﬂected
wavelets. (b) Experimental ridge functions (symbols) corresponding to the
four labelled lines of maxima extracted from the experimental wavelet
response. (c) Ratio between the energy of the ballistic component and of
the coda. Bands I and II correspond to dominant propagation regime.
Band III marks the transition between the propagation to the diﬀusion
regime (bands IV and V).

part of the ridge functions. In domain II, the ridge functions are linear with a slope equals to +1. Domain IV falls
in the short-wavelength part of the wavelet response where,
again, the ridge functions are linear with a slope equals to
+2 in the log–log plot. Domain V corresponds to the shortwavelength end of the ridge functions where the energy
level is very low with a white-noise appearance. As already
noted, domain III covers a dilation range where the ridge
functions are not linear and where they appear more scat-

Both domains I and II cover the dilation range k/D > p
where the wavelet response has a single conical appearance
with 5 ridge functions as observed in the reference wavelet
response shown in Fig. 3. Hence, from this point of view,
domains I and II cannot be distinguished, and only the
break of slope observed in the ridge function puts a limit
at k/D = 2p between these two domains. In both domains,
the temporal durations of the reﬂected wavelets are identical to those of the incident wavelets. This indicates that the
granular medium does not modify the shape of the incident
wavelets when k/D > p.
In the log–log plot of Fig. 5(b), the ridge functions in
domain I (k/D > 2p) are linear with a slope a = 0 as theoretically predicted for the wavelet response of a ﬂat elastic
interface (Fig. 1(b)). Hence, when the incident wavelength
is larger than twice the circumference of the glass beads,
i.e. when k/D > 2p, the layer of monodisperse glass beads
is equivalent to an elastic homogeneous medium. The
amplitude of the ridge function directly gives a constant
reﬂectivity R = 0.34 at normal incidence.
In domain II where 2p > k/D > p, the ridge functions
remains linear but with a slope a = +1. In this domain,
the surface of the granular medium may again be considered as step-like since the conical appearance of the wavelet
response is not modiﬁed. However, the k dependence of the
reﬂectivity R indicates that the heterogeneous medium is
not equivalent to an elastic homogeneous medium but,
instead, is equivalent to a visco-elastic homogeneous medium with a normal reﬂectivity which linearly decreases
from R = 0.34 to R = 0.15 as the wavelength shortens.
As expected for a visco-elastic medium, a careful inspection
of the data reveals a slight distortion of the conical pattern
formed by the ridge functions in domain II. However, this
eﬀect is too small to constitute a decisive criterion for
marking the limit between domains I and II.
4.4. Medium (relative) wavelength domain III
Domain III covers the range p > k/D > p/2 where the
global cone-like pattern of the wavelet response progressively disappears
and splits into two sub-conical structures
pﬃﬃﬃ
at k=D ’ p (Fig. 5(a)). The reﬂectivity in domain III
appears ill-deﬁned because of some scattering in the data,
however the average ridgepfunction
possesses a deep miniﬃﬃﬃ
mum R = 0.025 at k=D ’ p. The coherence of the wavelet
response is destroyed when the wavelength of the incident
wave becomes smaller than the circumference of the beads,
i.e. when k/D < p. The splitting of the wavelet response creates new ridge functions whose number increases as the
wavelength shortens. Meanwhile, as can be observed in
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Fig. 5(b), the amplitude of the ridge functions does not
obey a power law as observed in domains I and II. Domain
III then corresponds to a wavelength range where signiﬁcant late arrivals appear and make the duration of the
back-scattered wavetrains longer than the duration of the
incident wavelets. Domain III is a transition region where
the surface of the granular medium may no more be considered as a step-like interface.
4.5. Short (relative) wavelength domains IV and V
Domains IV and V correspond to the shorter wavelengths used in the experiment and such that k/D < p/2.
In these domains, the conical structure of the wavelet
response is totally blurred and most energy is carried by
a strong and well-developed coda (Fig. 5(a)). Numerous
ridge functions are found in the wavelet response with an
amplitude higher than the one of the ﬁrst ﬁve ridge functions (1–5) observed in all domains. This phenomenon is
due to intense multiple scattering of the incident wave with
the small-scale structure of the granular medium. The plot
of the ridge functions displayed in Fig. 5(b) shows that the
ridge functions are linear with diﬀerent slopes in two frequency ranges deﬁning domains IV and V. Domain IV corresponds to p/2 > k/D > 2/p where the ridge functions has
a slope a = +2 in the log–log plot, i.e. with a strong k
dependence of the reﬂectivity R. Domain V corresponds
to k/D < 2/p where the ridge functions appear scattered
with an average slope a = 0.
5. Discussion of wave phenomena
5.1. Propagation-to-diﬀusion transition
The ﬁve wavelength domains recognised in the experimental wavelet response (Fig. 5) have very diﬀerent reﬂectivity characteristics corresponding to diﬀerent wave
phenomena at work. A conspicuous feature is the rather
sharp transition which exists between the reﬂectivity
domains. Indeed, the r dependence of the reﬂectivity
derived from the ridge functions (Fig. 5(b)) reveals that,
as r diminishes, the reﬂectivity departs more and more
from the r-independant one corresponding to a ﬂat elastic
interface as observed in domain I. This indicates that, the
shorter the wavelength the greater the perturbations of
the re-radiated waveﬁeld by the granular medium.
A ﬁrst quantitative assessment of the perturbations produced by the granular medium can be derived from the
ratio between the energy, Eb, of the ballistic part of the
wavelet response and the energy, Ec, of the late arrivals
forming the coda part (Fig. 5(c)). The duration of the ballistic part is taken equal to the theoretical duration of the
incident wavelets, i.e. the duration of the conical pattern
of the reference wavelet response shown in Fig. 3. From
this deﬁnition, we observe that the wavelet response in
domains I and II is almost totally restricted to the ballistic
response, contrarily to what occurs in domains III, IV and
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V where the coda part is more and more present (Figs. 4
and 5(a)).
The ballistic-to-coda energy ratio curve in Fig. 5(c)
clearly indicates that domain III is an important transition
where the relative energy of the coda dramatically increases
by more than one order of magnitude as r gets smaller. In
domains I and II, the ballistic energy Eb > 10Ec, and the
scattering phenomena are weak. Conversely, the coda
energy Ec > 10Eb in domains IV and V indicates that most
of the wavelet response comes from multiple scattering
produced by the glass beads.
5.2. Small-scale Mie scattering
The multiple scattering eﬀects observed at the macroscopic scales result from wave phenomena occurring at
microscopic length scales corresponding to the diameter
of the glass beads. We shall now discuss the ﬁve frequency
bands identiﬁed in the wavelet response in terms of wave
scattering produced by a single scatterer.
Assuming an incident plane wave travelling in the h = p
direction, the Mie scattering theory [11] deﬁnes the scattering amplitude |f(h)|2 of the wave re-radiated by a spherical
scatterer, where h is the scattering angle. The 2D directivity
patterns of a spherical scatterer have been computed for
the ﬁve frequency bands of interest using the physical properties of the glass: density = 2560 kg m3, compressional
velocity = 5500 m s1 and shear velocity = 3400 m s1.
The results are plotted in Fig. 6(a). The origin of the axis
(black dot) corresponds to the centre of the spherical scatterer. In particular, h = 0 and h = p correspond to the longitudinal back- (i.e. leftward) and forward-scattering (i.e.
rightward) directions respectively, transverse scattering
corresponds to h = p/2.
The ratio between the back- and forward-scattering
amplitudes is shown in Fig. 6(b). This ratio quantiﬁes the
amount of energy reﬂected by the glass bead compared
to the energy scattered in the incident direction. From
this curve, we observe that the low-frequency bands I
and II correspond to a dominant back-scattering regime
where the back-scattered energy is about one order of magnitude larger than the energy re-radiated in the forward
direction.
The total scattering cross section, normalised by the
geometrical cross section of a glass bead, characterizes
the extinction coeﬃcient of an isolated scatterer,
Z
2
rt ¼ jf ðhÞj dh:
ð9Þ
In the frequency band I, the extinction coeﬃcient follows a
Rayleigh scattering law /k4 [16] (Fig. 7). This indicates a
single scattering regime inside the granular medium when
k/D > 2p.
The ratio between the transverse- and the longitudinalscattering amplitudes is shown in Fig. 6(c): it indicates
the amount of energy laterally scattered by the glass bead
compared to the energy scattered in the dominant (i.e.
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Fig. 6. (a) Directivity pattern of a glass bead. Forward-scattering are
rightward leftward respectively. The dashed lines represent the frequency
ranges I, II, III, IV and V. (b) Back-to-forward ratio of scattering
amplitude deﬁned as |f(0)|2/|f(p)|2. (c) Transverse-to-longitudinal ratio of
scattering amplitude deﬁned as |f(p/2)|2/max[|f(p)|2, |f(0)|2]. The band III
corresponds to the frequency domain where transverse scattering is
dominant.
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Fig. 7. Extinction coeﬃcient (solid line), i.e. total scattering cross-section
divided by the geometrical cross-section pd2/4. Also shown are the ﬁve
frequency bands identiﬁed in the data (see Fig. 5). In band I, the scattering
cross-section closely follows the Rayleigh scattering power law (/k4)
(dashed line).

backward or forward) longitudinal direction. Both the
back-to-forward and the transverse-to-longitudinal ratios
reveal that the medium-frequency band III corresponds
to a dramatic decrease of the backscattering energy and
to a sharp increase of the transverse energy. The r = 2
value corresponds to an equilibrium between back-scattering and forward-scattering. This value also corresponds to
the frequency where the energy in the transverse direction
is maximum (Fig. 6(c)). The strong decrease of reﬂectivity
observed in band III of the wavelet response may thus be
explained by the fact that a signiﬁcant amount of the
energy of the incident wave is re-radiated perpendicularly
to the incident direction.
The high-frequency bands IV and V correspond to a
dominant forward-scattering regime where a large part of
the scattered wave is directed deeper in the layer of beads.
In this situation, the scattered waves follow long tortuous
paths in the heterogeneous medium and multiple scattering
dominates. The waves eventually re-emerge from the bead
layer in the back-scattering direction and contribute to the
formation of the strong coda observed in the wavelet
response (Figs. 5(a) and 4).
The scattering phenomena occurring at the scale of a
single glass bead are in a total agreement with the frequency bands observed in wavelet response of the whole
layer of glass beads. This conﬁrms that the macroscopic
response of the heterogeneous medium is controlled by
cooperative scattering occurring at microscopic scales. It
is interesting to note that the longitudinal cross-section
ratio is similar to the ridge function of the granular medium (Fig. 5(b) compared to Fig. 6(b)): the global acoustic
response of monodisperse spherical inclusions can be interpreted from an isolated inclusion. The experiment limit
r = p/2 corresponds to a resonance inside the glass beads,
as predicted by the Mie theory.
6. Conclusion
The wavelet-response method [20,21,7] used in the present study allows to obtain a coherent acoustical response of
a target in a large frequency range. This range may be further increased by rescaling and merging the individual
responses of several layers of glass beads with diﬀerent
diameters. The resulting wavelet response then spans a 5octaves frequency range, and the dimensionless parameter
r = k/D varies from r = 0.3 to r = 15 (Figs. 4 and 5).
Five r-ranges are identiﬁed in the wavelet response with
limits at (roughly) r = 2p, r = p, r = p/2 and r = 2/p. The
wavelet response presents a coherent structure with ﬂat
ridge functions when r > 2p. It is only in this range I that
the granular medium is equivalent to a static eﬀective medium with frequency-independent physical properties. In
range II, 2p > r > p, the wavelet response still presents a
simple coherent structure but with a frequency-dependent
amplitude which corresponds to an increasing departure
from the Rayleigh scattering almost satisﬁed in range I
(Fig. 7).
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In the higher frequency domain, three r-ranges, III, IV
and V, are identiﬁed where multiple scattering phenomena
play the dominant role. The main characteristic of band III
is a pronounced decrease of the energy of the back-scattered waveﬁeld, and we show that this corresponds to a
dominant lateral Mie scattering at the scale of a single glass
bead (Fig. 6(b)). Band IV corresponds to the domain where
a strong coda wave exists in the wavelet response and to a
dominant forward-scattering at the scale of a single
scatterer.
The experiments discussed in the present paper show
that an heterogeneous medium made of a random packing
of scatterers has a macroscopic acoustical response which
strongly depends on the incident wavelength. Whatever
complicated, we show that this response may be decomposed into ﬁve sub-domains, each with a dominant Mie
scattering regime at the scale of a single scatterer. From
the wavelet-response experiments on granular media, we
are able to deﬁne the wavelength range where the interface
can be assimilated to a step-like discontinuity or to a highly
heterogeneous material. At low frequencies, when k/D > p,
granular media can be replaced by equivalent homogeneous media: most of deep structure imaging from seismics
are based on this assumption. At high frequencies, when
k/D < p/2, the granular medium is a complex medium
where multiple scattering exists: multi-physics modelling
is then necessary to perform seismic imaging of complex
interfaces such as subsurface imaging and seaﬂoor characterisation which involve high-frequency source signals.
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[33] P. Thierry, G. Lambaré, P. Podvin, M. Noble, 3-D preserved
amplitude prestack depth migration on a workstation, Geophysics 64
(1999) 222–229.
[34] P. Thierry, S. Operto, G. Lambaré, Fast 2D ray-Born inversion/
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